We discuss statistics of vortices having zero-energy non-Abelian Majorana fermions inside them. Considering the system of multiple non-Abelian vortices, we derive a non-Abelian statistics that differs from the previously derived non-Abelian statistics. The new non-Abelian statistics presented here is given by a tensor product of two different groups, namely the non-Abelian statistics obeyed by the Abelian Majorana fermions and the Coxeter group. The Coxeter group is a symmetric group related to the symmetry of polytopes in a high-dimensional space. As the simplest example, we consider the case in which a vortex contains three Majorana fermions that are mixed with each other under the SO(3) transformations. We concretely present the representation of the Coxeter group in our case and its geometrical expressions in the high-dimensional Hilbert space constructed from non-Abelian Majorana fermions.
I. INTRODUCTION
Majorana fermions proposed by Ettore Majorana in the 20th century have a peculiar property in that an antiparticle is equivalent to a particle [1] . His original conjecture that neutrinos might be such particles has been rejected; however, Majorana fermions are now attracting much attention in condensed matter physics [2] . It has been recently recognized that Majorana fermions with exact zero energy are trapped inside the core of halfquantized vortices in chiral p-wave superconductors or p-wave superfluids [3] and that they appear on the edge of topological superconductors and insulators [4] . A system of multiple vortices provides an exchange statistics that differs from that of bosons, fermions and anyons. Such statistics, called "non-Abelian statistics," is mathematically described by the braid group [5, 6] . More precisely, one Dirac fermion is defined by a set of two Majorana fermions trapped in two different vortices, and the Hilbert space is constructed from these Dirac fermions [6] . The dimension (2 m ) of the Hilbert space increases exponentially with an increase in the even number (2m) of vortices. Consequently, non-Abelian statistics provides one possible candidate for quantum computation [7] , and hence, p-wave superconductors or superfluids may be used as a device for quantum computers. This is why Majorana fermions and non-Abelian statistics have attracted so much attention in recent years [2, 7] . Recently, it has been proposed that even in three dimensions, non-Abelian statistics is realized by Majorana fermions trapped on monopole-like objects [8] .
Though the exchange statistics discussed above is nonAbelian, Majorana fermions on vortices or other defects studied thus far are all "Abelian" in the sense that only a single Majorana fermion is trapped in each defect. On the other hand, if multiple Majorana fermions are trapped inside a defect and can continuously mix with each other, one may be able to interpret them as a single "nonAbelian Majorana fermion," namely a Majorana fermion having a non-Abelian internal symmetry. Then, these fermions must belong to representations of the underlying Lie group.
In this article, we show that non-Abelian Majorana fermions obey a non-Abelian exchange statistics that has not been identified before. Since Majorana fermions are real (i.e. not complex) fields, their group representation must also be real. The simplest of such representation is the vector representation, triplet, of the SO(3) Lie group. We explicitly construct the non-Abelian exchange statistics of non-Abelian Majorana fermions belonging to the vector representation of SO(3). We show not only that the Hilbert space for 2m vortices has a dimension 2 3m that is much larger than the 2 m of Abelian fermions but also that it contains a new component. In addition to the non-Abelian statistics already derived by Ivanov [6] , we find another structure, i.e. the Coxeter group [9, 10] : the entire non-Abelian statistics is a tensor product of these two. The Coxeter group is a symmetry group of higher-dimensional generalization of polytopes such as a triangle or a tetrahedron, which was found by Harold Scott MacDonald ("Donald") Coxeter, one of the great mathematicians of the 20th century. The large Hilbert space spanned by non-Abelian Majorana fermions contains high-dimensional internal spaces of various representations of SO(3), not only singlets and triplets but also quintets and higher representations in general, where the Coxeter group acts on them to exchange multiple states in the same representations.
One question arising immediately may be whether there exist physical systems realizing such non-Abelian Majorana fermions in reality. The answer is yes, such systems probably exist in the universe, i.e. in quark matter at extremely high density in neutron stars or quark stars, which are expected to exhibit the so-called color superconductivity [11, 12] . These stars rotate rapidly, and consequently, stable vortices are created; these vortices are non-Abelian vortices with color magnetic fluxes confined inside them [13] . We have shown in our previous paper [14] that non-Abelian Majorana fermions of an SO(3) triplet indeed exist in the core of a non-Abelian vortex. The origin of this SO(3) group is the color-flavor locked symmetry SU (3) in the ground state of a color superconductor [11, 12] , which is spontaneously broken down to its subgroup SU (2) × U (1) in the core of a vortex [15] . Since there remains an unbroken symmetry SU (2) ∼ SO(3) inside the core, the zero modes trapped in it must belong to the representations of SO(3). We have found triplet and singlet Majorana fermions [14] ; however, only the triplet is a new object to be considered in this article. Theoretically, fermionic modes in vortices are treated by the Bogoliubov-de Gennes equation, which is an equation for fermions coupled to the vortex profile. For example, the particle (ϕ) and hole (η) components of the triplet zero modes (chirally right-handed) are approximately given, in two-component Weyl spinor representation, as
where ∆ CFL is the gap value of the bulk color superconductor (in the color-flavor locked phase), µ is the chemical potential, and r, θ are the polar coordinates perpendicular to the z direction. The triplet zero modes ψ a (a = 1, 2, 3) are then compactly expressed as ψ a ∝ (ϕ, (−1) a+1 η) t , and they satisfy the Majorana condition
t with C being the charge conjugation. It should be noted that these zero-mode solutions (non-Abelian Majorana fermions) are well localized around the center of the vortex and do not depend on the z coordinate, indicating that they are essentially local objects on a twodimensional plane. Hence, the non-Abelian vortices appearing in high-density matter provide an example of realization of the non-Abelian Majorana fermions.
However, it should be emphasized that our conclusion in this article does not rely on any specific model; all that we need is non-Abelian Majorana fermions of an SO(3) triplet. Thus, our analysis raises a possibility to realize such a statistics in table top samples, for instance, in cold atomic gasses that can be well controlled through experiments. It should also be noted that the SO(3) group and its vector representation are chosen only for illustration as the simplest example and that our method works for arbitrary Lie groups and arbitrary (real) representations, opening up a new possibility of Majorana fermions, non-Abelian statistics, and quantum computations. This paper is organized as follows. After recalling nonAbelian statistics of Abelian vortices in Sec. II, we construct the matrix representation of exchange operators 
of two and four non-Abelian vortices in Sec. III. We then identify the Coxter group from the decomposition of those matrices in Sec. IV. Section V is devoted to summary and discussion. In Appendix A we present explicit forms of the basis of the Hilbert spaces for four non-Abelian vortices. In Appendix B we give a decomposition of exchange matrices at the operator level.
II. STATISTICS ON TWO-DIMENSIONAL PLANE
The exchange of particles on a two-dimensional plane is described by the braid group. Let us suppose n particles (braids) and label them as shown in Fig. 1 . The braid group is defined as a set of operations T k (k = 1, · · · , n − 1) that involve the exchange of the positions of the neighboring kth and (k + 1)th braids in a way such that the kth braid always goes around the (k + 1)th braid in an anti-clockwise direction. The operations T k satisfy the following braid relations: Fig. 2 . It should be noted that T −1 k = T k because the operation is directed. This simple definition of the braid group allows for various representations with rich non-trivial structures, as we will see below.
The representation of the braid group is expressed by a linear group {τ k |k = 1, · · · , n − 1} acting on a vector space. Here, τ k 's also satisfy the following braid relations:
for |k − l| = 1. The representations contain information about the statistics on the exchange of particles. For example, the one-dimensional representation allows for the anyon statistics, which gives a wave func- tion a complex factor under the exchange of particles;
III. NON-ABELIAN STATISTICS OF MULTIPLE NON-ABELIAN VORTICES
Let us consider n non-Abelian vortices with the SO(3) symmetry. There are correspondingly n non-Abelian Majorana fermions belonging to the triplet of SO (3 This formulation is an extension of the Abelian Majorana fermions discussed in Ref. [6] to the non-Abelian case. An exchange operation of neighboring kth and (k + 1)th non-Abelian vortices, denoted by T k as shown in Fig. 1 , induces an exchange of the non-Abelian Majorana fermions. Because the Majorana fermion turning around a vortex changes the sign of the wave function owing to the odd winding number and the Majorana condition, a cut should be introduced to keep the phase single valued [6] . Consequently, the operation T k induces the following transformation (see Fig. 3 ):
with the rest γ a l (l = k, k +1) unchanged. It will turn out that the presence of this minus sign is crucial to induce the non-Abelian statistics. Now, we discuss the representation τ k for the exchange of non-Abelian Majorana fermions. First, it should be noted that transformation (3) can be realized by SO(3) invariant unitary operatorsτ k =τ Second, we discuss the representation τ k (k = 1, 2, 3) for four non-Abelian vortices (n = 4). We can construct the Hilbert space in a manner similar to that described above, and this is expressed by singlet (1), triplet (3), and quintet (5) states, which are further specified by even (E) and odd (O) numbers of Dirac fermions (see Appendix A).
Then, we obtain the representations τ k (k = 1, 2, 3) as 64 × 64 matrices;
The submatrices τ M,P k (M = 1, 3, 5, P = E, O) are found to have the following structure:
Here, the first matrices σ M k have different expressions depending on the multiplets:
for the singlet states,
for the triplet states, and
for the quintet states. On the other hand, the second matrices h P k are common for the multiplets:
for even and odd numbers of Dirac fermions. These are our main results. We have obtained matrix representations for the exchange statistics in the system of four nonAbelian vortices. It should be noted that both the matrices σ , and consequently the matrix τ 2 , are nondiagonal. Therefore, the system of four non-Abelian Majorana fermions follows the non-Abelian statistics. It should be emphasized that the non-Abelian matrices we have derived are essentially new and are considered as generalizations of the corresponding matrices obtained by Ivanov. Indeed, while the matrices h P k (common for the multiplets) are the same as those that Ivanov obtained for "Abelian" vortices (thus we call them the Ivanov matrices), the matrices σ M k are new matrices that appear only in "nonAbelian" vortices. Hence, the representation matrices we have found are the tensor products of the new matrices σ M k and Ivanov matrices h P k .
IV. COXETER GROUP
Unexpectedly, the new matrices σ 
triplet ( We may extend our discussion to the system of any even number (n = 2m) of non-Abelian vortices. Because an interchange of vortices does not mix the ith and jth vortices for |i − j| > 1, the essential structure is already determined from the analysis for four vortices. Therefore, we find m i,j = 3 when |i − j| = 1 and m i,j = 2 when |i − j| > 1 for the representation matrices σ i (i = 1, · · · , 2m − 1), which are obtained from the decomposition of τ k . Hence, the Coxeter matrix will be given by the (2m − 1) × (2m − 1) matrix as follows:
In other words, a product σ i σ j of reflections σ i and σ j makes a rotation by an angle 2π/3 for |i − j| = 1 and 2π/2 = π for |i − j| > 1. Therefore, the system of an even number (2m) of non-Abelian vortices leads to the existence of a (2m−1)-simplex as the highest-dimensional object (see also Appendix B). The Coxeter group summarized by the matrix (10) is called A 2m−1 , which is in fact isomorphic to the permutation group of 2m elements.
V. SUAMMARY AND DISCUSSION
In conclusion, we have explicitly constructed the nonAbelian statistics, described by the Coxeter group, that appears in a system of non-Abelian vortices having zeroenergy non-Abelian Majorana fermions. Although color superconductors are only one example realizing such nonAbelian vortices thus far, our result is robust: Any system admitting vortices with three zero-energy Majorana fermions will have this non-Abelian statistics. Cold atomic gasses such as Bose-Fermi mixture may offer such examples. We hope that not only the large dimension of the Hilbert space but also the Coxeter group should play important roles in quantum computations.
It is known that the Coxeter group is classified into several types [10] . As denoted above, the Coxeter group summarized by the matrix (10) is called A 2m−1 . Then, it would be interesting to ask whether the system of nonAbelian Majorana fermions can lead to other types of Coxeter groups, such as B l (l ≥ 2), D l (l ≥ 4), E l (l = 6, 7, 8), F 4 , G 2 , H l (l = 3, 4), and I 2 (l) (l = 5, l ≥ 7), or which new symmetry of the non-Abelian Majorana fermions would be connected to them. These questions would open an extensive view about the relationship between the non-Abelian Majorana fermions and the Coxeter groups.
